Gaussian state decoherence aspects due to interacting magnetic-like and gravitational fields are quantified through the quantum fidelity and Shannon entropy in the scope of the phase-space representation of elementary quantum systems. For Gaussian Wigner functions describing harmonic oscillator states, an interacting external field destroys the quantum fidelity and introduces a quantum beating behavior. Likewise, it introduces harmonic profiles for free particle systems. Some aspects of quantum decoherence for the quantum harmonic oscillator and for the free particle limit are also quantified through the Shannon entropy. For the gravitational quantum well, the effect of a magnetic-like field on the quantum fidelity is suppressed by the linear term of the gravitational potential. To conclude, one identifies a fine formal connection of the quantum decoherence aspects discussed here with the noncommutative quantum mechanics.
I. INTRODUCTION
Gaussian quantum correlations are in the core of the quantum information issues involving continuous variable systems. In addition, Gaussian states are also the elementary blocks in building vacuum states, thermal states and coherent states [1], as they play a fundamental role in quantum optics, in low dimensional physics, or even as an effective tool for describing atomic ensembles [2] . Besides providing the necessary theoretical tools for the understanding and the manipulation of quantum correlated systems, the representation of Gaussian states through the Wigner formalism works as bridge to the classical dynamics.
From a phenomenological point of view, Gaussian Wigner functions can be parametrically manipulated as to describe a set of measured data [3, 4] circumstantially correlated to the issues of quantum-classical transitions of a physical system [5] , for instance, as an indicator of quantum chaos [6] .
The inclusion of external fields into the Hamiltonian that drives the behavior of Gaussian states may bring up typical decoherence and dissipation with recognized phenomenological appeal. External fields acting on specific quantum systems are frequently implemented through of quantum simulations, where a kind of controllable quantum system is used to study another less accessible one [7] . As a typical example, the effect of a constant magnetic field on atoms has revealed the split in the energy spectrum, in the well-known phenomenon of Zeeman effect [8] .
Given that the Wigner function in the phase-space quantum mechanics is connected with the information which can be obtained from a quantum system, the quantum fidelity, computed through a Gaussian envelop, can encompass the decoherence aspects of the dynamical evolution of such elementary quantum systems. In this letter, the influence of magnetic external fields on the quantum fidelity of two dimensional harmonic oscillators, their corresponding free particle limit, and an extension as to include the gravitational quantum well (GQW) dynamics, are therefore quantified through the Gaussian Wigner formalism.
Our manuscript is organized as follows. In section II the Wigner-Weyl formalism of the quantum mechanics, as well as the way to obtain the quantum fidelity and the Shannon entropy are introduced. The Gaussian Wigner state to be used throughout the subsequent analysis of some particular quantum systems is presented. In section III, one reports about the Wigner phase-space formalism for the harmonic oscillator in the presence of an external interacting magnetic field. The classical limit for the free particle system is obtained by setting null the natural frequency of the oscillator, ω 0 = 0. The Gaussian state fidelity and a qualitative analysis for the Shannon entropy are also evaluated. In section IV, the quantum fidelity and the quantum decoherence aspects for the gravitational quantum well are discussed in the phase-space framework. A fine formal connection between external magnetic field interacting systems and the noncommutative quantum mechanics is noticed in section V. Our conclusions are drawn in section VI.
II. THE WEYL-WIGNER FORMALISM OF THE QUANTUM MECHANICS, QUANTUM FIDELITY, AND SHANNON ENTROPY
By identifying the density matrix of a quantum system withρ = |Ψ Ψ|, one can define a Wigner function through the Weyl transform as [9, 10] ,
which can be naturally generalized to a statistical mixture, such that the expectation value of an observableÔ can be computed through
The probability distributions for r and p are equivalently given by dr W (r, p) = Φ * (p) Φ(p) and dp W (r, p) = Ψ(r) * Ψ(r),
such that the Wigner function can also be computed from Φ(p) through
Additional properties related to the density matrix theory can be obtained from the above prescription [11, 12] . For instance, the Weyl transform of an operator has intrinsic properties that allow one to write the quantum fidelity, F , in terms of Wigner functions. The quantum fidelity, F , is a commonly used measure to compare an input state and an output state through a given quantum channel [1, 13, 14] , as it works as a kind of decoherence quantifier.
If F goes to unity, it means that the output state is very similar to the input state. Likewise, if F goes to zero, the output is completely different from the input state. Effectively, the fidelity measures the projection, varying from zero to unity, of a time-evolving state onto a departure state.
By using the Weyl transform of an operator and the property of the trace of the product of two operators, one has
which can be used into the definition of the quantum fidelity [1],
whereρ 1 andρ 2 are two states of the quantum system. Noticing that
and using the Wigner function from Eq. (1), one obtains
which, through the definition of F , leads to
which can be re-written in terms of the coordinates of a 2-mode phase-space as
1/2 dx dp x dy dp y 2 .
To investigate the decoherence effect due to external fields, one assumes W 1 as being the initial state, i. e. the quantum state before the external field be turned on, then one inserts the equations of motion corresponding to each system, and finally, one measures how far away the external field-dependent state, W 2 , will be from W 1 . Throughout this work, it will be considered the following normalized initial Gaussian Wigner function,
where one identifies the canonical coordinates by r ∼ {x, y} and p ∼ {p x , p y }.
Likewise, obtaining the decoherence information and 2-mode quantum correlations of a quantum system can also be performed through quantifying the von Neumann entropy,
, whereρ is a quantum state of the system. The equivalent Shannon entropy in the phase-space representation, using the Wigner function, is given by [15, 16] ,
which is valid for both Gaussian and non-Gaussian states. If one has a two dimensional (2D) system where the Wigner function can be separated in the form of
it is easy to show that the Shannon entropy can be written as
that is, there is no information shared between the two sub-systems and consequently the mutual information is zero. However, when one has an external interacting field acting on the system, it is necessary to calculate the Shannon entropy of the system as a whole.
III. 2D-HARMONIC OSCILLATOR COUPLED TO MAGNETIC FIELDS
Let one considers the case of a 2D harmonic oscillator of mass m, frequency ω 0 and charge q in a magnetic field B 0 perpendicular to the 2D plane. The Hamiltonian in this case is written as [17] [18] [19] ,
where B 0 is the intensity of the external magnetic field and L z is the angular momentum in the z−direction, perpendicular to the harmonic motion.
By defining ω = qB 0 /2m as being the frequency of coupling, and defining the new parameters [17, 18] 
the Weyl transform of the Hamiltonian reads,
Given that, from Eq. (17), the variables r i and p i satisfy the Hamilton equations of motion, one obtains the following set of coupled first-order differential equations [18] ,
so that q and p may be interpreted as classical dynamical variables within the Wigner-Weyl formalism. The above equations can be rewritten as two uncoupled forth-order differential equations as [18] ....
from which one gets the solutions,
where x 0 , y 0 , p x 0 and p y 0 are arbitrary boundary initial values and
Following the Wigner-Weyl formalism of the quantum mechanics, the stargenfunctions for the Hamiltonian of a harmonic oscillator [17, 18] in a magnetic field are obtained from the stargenvalue equation [17, 18] ,
where L 0 n are the associated Laguerre polynomials, n 1 and n 2 are non-negative integers, and
such that the energy spectrum is given by [17, 18] 
The Wigner function for the harmonic oscillator in an external magnetic field in Eq. (22) is a stationary function. Gaussian Wigner functions may be used to compute quantum fidelity as to investigate the influence of external fields on the free harmonic oscillator. By inserting the equations of motion from Eq. (20) into the Gaussian Wigner function from Eq. (11), one can quantify the fidelity between an initial Gaussian state which evolves in time as a state coupled to an external magnetic field.
A. The limit case when ω 0 = 0
When the frequency of the harmonic oscillator, ω 0 , goes to zero, the system above is reduced to a free particle moving in a magnetic field [19, 20] . In this case one has the Hamiltonian of the Zeeman effect [8] . After some simple mathematical manipulations, setting ω 0 = 0 into Eq. (20), one obtains the following solutions for the equations of motion [20] ,
and the stationary Wigner function for this system turns into [20] W n (r, p) = N (−1)
where
( ij p i (t)r j (t)), (27) and now one has the constraint 2λκ = ω,
which allows one to write the energy spectrum as [20] ,
By performing the integral in Eq. (10) for the 2D harmonic oscillator coupled to magnetic fields, one obtains the following analytical expression for the fidelity,
where one has assumed ω 0 = 1.
Figs. 1 and 2 depict the Gaussian fidelity for the harmonic oscillator and for the free particle system, respectively, for three cases, ω = 0.1, 0.5, 1 and for the case when there is no magnetic field, ω = 0. ternal magnetic field are discussed in terms of phase-space Gaussian profiles. A Gaussian highly localized means that one has considerable information about the state of the system. Therefore, the effect of B 0 on the Shannon entropy increases the localization of the Gaussian states. When B 0 vanishes, the Shannon entropy also vanishes, which means that one has a very spread-out Gaussian. On the other hand, as the value of B 0 increases, the states of the systems turns to be more localized, which reflects into an increasing of the the Shannon entropy. For the harmonic oscillator, there exist a maximum information which one can access, due to dimension of the oscillator. This fact is represented in the Fig. 3 for the maximum value of entropy. The same does not happens to the free particle system, once it is always possible to restrict the localization of a particle through, for instance, a delta function. Fig.   3 shows that the Shannon entropy goes to infinity when B 0 goes to infinity, that is, one needs an extremely large amount of information to have a particle completely localized. When B 0 vanishes, the particle can be found anywhere.
IV. THE GRAVITATIONAL QUANTUM WELL
The gravitational quantum well (GQW) for ultra cold neutrons (UCN) are supposed to be a challenging testable platform of quantum mechanics, since it should allow the detection of quantum bound states in a classical potential, i. e. due to the gravitational coupling between the Earth and ultra-cold neutrons [23] [24] [25] [26] [27] [28] .
The Hamiltonian of a particle in a gravitational potential is given by
from which equations of motion lead to a set of solutions given by
The Wigner function, stargenfunction of H, can be obtained by separating the Hamiltonian into two peaces respectively related to the x-coordinate, which exhibits a free particle profile, and to the y-coordinate, such that,
and the stargenvalue equation reads
By operating the above introduced Moyal product [21, 22] , one obtains the following differential equation,
The solution for W y (ξ) is an Airy function, Ai(ξ), given by
where the energy spectrum is determined by the zeros of the wave function as
where λ ny are the roots of the Airy function, and the unitarity of the Wigner function guarantees that the normalization factor is given by
For the free particle x-coordinate driven by
the localization conditions are assumed to constrain the Wigner function to Gaussian boundary values as to have the 2-mode Wigner function given by
where G(x, p x ; t) describes a Gaussian function in the phase-space, and W (x, p x , y, p y ; t) exhibits a stationary behavior under the substitution of solutions from Eqs. (32).
The role played by the gravity in quantum schemes open a special window of possibilities for measuring distortions of quantum mechanics in high energy levels, even when the gravitational well is the responsible for the quantum states measured in the lab. For instance, decoherence aspects can be detected through distortions over Gaussian fidelity for quantum states subjected to external (magnetic) field perturbations. In a very suitable context, the GQW system has also been considered to estimate noncommutative corrections to the standard quantum mechanics [29, 30] .
A way to perform this is to write the Hamiltonian of the GQW in the presence of an external magnetic field, B = B 0 z, as
with λ, κ and ω are the same parameters introduced in the free particle scheme, and one identifies the canonical coordinates by {r 1 , r 2 } ∼ {x, y} and {p 1 , p 2 } ∼ {p x , p y }.
The Hamiltonian from Eq. (42) leads to two uncoupled third-order differential equations which sets the dynamics of the GQW distorted by B 0 z as
Fig . 4 depicts the quantum fidelity for the GQW system in the presence of a uniform magnetic field. As expected, one still has a quick decrease of the graphics, although the inclusion of an external field damps the fidelity faster.
V. MAPPING NONCOMMUTATIVE EFFECTS THROUGH AN EXTERNAL MAGNETIC FIELD
The noncommutative formulation of quantum mechanics [31] , once it is extended to the phase space, has supported the understanding of coupling and decoherence aspects exhibited by 2D quantum oscillators [17, 18] , the quantum corrections for the ultra-cold neutron energy spectrum in the scope of the GQW problem [29, 32] , and several other issues [33] [34] [35] [36] [37] [38] [39] . To see explicitly how to introduce noncommutative effects like an external magnetic field in the harmonic oscillator and free particle systems, it is sufficient to make an analogy between the magnetic field associated frequency and the noncommutative parameters. Thus, for the harmonic oscillator, the analogy is done when one has
or, more clearly, the intensity of the magnetic field is given by, From the Hamiltonian for the free particle system, that is, H = p 2 i /2m, one notice from the Eq. (50) that the parameter θ is irrelevant, and the noncommutative effects can be simulated through the analogy,
For the GQW in the presence of an external magnetic field, one has to consider the Seiberg-Witten map (see the Appendix) which connects the noncommutative algebra to standard Weyl-Heisenberg algebra of the quantum mechanics [17, 34] , as to write the following relation between the noncommutative parameters and the intensity of the magnetic field,
which becomes clearer if an auxiliary parameter is defined by
The equations of motion from (44) clearly do not reproduce the solutions as exhibited by (32) when the parameter ω goes to zero. After turning on the magnetic field, the harmonic feature, so far absent, turns to be much more relevant than the linear term of the Hamiltonian. One notices that the two redefined noncommutative parameters, θ and η, are constrained by an implicit dependence on s = s(µ, ν) and ω, respectively. One thus needs to consider that η = 0 in order to ensure that the solutions from (44) are not divergent.
In the very particular case of µν → 1/2, that is, for s → 1, the free particle system in the presence of a magnetic field is recovered by the noncommutative free particle system. On the other hand, when one takes the limit of µν → 1, i. e. s → 0 in Eq. (49), the system exhibits a linear time-dependence, maximizing the intervention of the Seiberg-Witten map represented by the arbitrary parameters µ and ν.
VI. CONCLUSIONS
The decoherence effects triggered off by external magnetic fields on some elementary quantum mechanical systems were quantified through the quantum fidelity and the Shannon entropy. The relevant issue here is concerned with the mathematical structure of the Hamiltonian in the harmonic oscillator and free particle systems. It allows one to perform quantitative comparisons with other Hamiltonian structures that exhibit similar dynamics, that is, the noncommutative quantum mechanics. From a point of view of quantum simulation, the results suggest the possibility of building some controllable systems that may exhibit noncommutative profiles. For instance, the gravitational quantum well turns to be a relevant scenario where one can work on an experimental platform to estimate the values of these noncommutative parameters, η and θ [29, 30] . In particular, the study of the noncommutative gravitational quantum well system with a driven laser mechanism detecting the information of the original quantum state has been considered recently (see Ref. [40] ).
Given the corresponding map in terms of external interacting fields, the phase-space noncomutativity effects can be interestingly considered when investigating the issues related to the interface between quantum and classical descriptions of Nature.
Appendix: The Seiberg-Witten map as an effective external field
A theoretical manner to perform a magnetic field -like coupling is through the SeibergWitten map. This map, in the context of quantum field theory, is due to the connection between the noncommutative quantum mechanics and the standard quantum mechanics [17, 18] . In fact, the extended noncommutative algebra, which is a case of the modified Heisenberg-Weyl algebra, is represented by the commutation relations given by
where η ij and θ ij are invertible antisymmetric real constant (d × d) matrices, one can define the matrix
which is an equally invertible if θ ik η kj = − 2 δ ij .
The Seiberg-Witten map is a linear transformation which maps the algebra from Eq. (50) to the standard commutation relations of the quantum mechanics. This linear transformation ensures that the noncommutative algebra admits a representation in terms of the Hilbert space of ordinary quantum mechanics. Thus, a non-commutative effect in the Hamiltonian of a system works effectively like a external field.
